Abstract -This paper presents a method for determining all stabilizing fractional-order (FO) proportional-integralderivative (PID) controllers that satisfy an H ∞ weighted-sensitivity constraint for a system of integer or non-integer order. All the parameters of such FO PID controllers are calculated in the frequency domain and are given in terms of the proportional gain K p , integral gain K i , and derivative gain K d . In this paper, they will be plotted on the (K p , K i ), (K p , K d ), and (K i , K d ) planes. In particular, this approach provides all the possible values of the gain parameters of the FO PID controllers that satisfy a given weighted-sensitivity condition even when the transfer function of a system is not available, as long as the frequency response thereof can be obtained. An example is given by way of illustrating the usefulness and effectiveness of the method.
I. INTRODUCTION
VER the past couple of decades, fractional calculus has gained significant attention in a variety of fields of engineering [1] . In particular, Axtell and Bise presented applications of fractional calculus to control systems in both the s-domain and frequency-domain with the use of s q operator [2] . Furthermore, [3] shows that system modeling with a non-integer order (or fractional order) provides a more natural description of a system in the frequency-domain.
While PID controllers predominate in the process control field, PI λ D μ controllers (where λ and μ are arbitrary real numbers) are now being given considerable attention owing to more accurate and natural system modeling and flexibility in design. Hereinafter, conventional PID controllers are referred to as IO PID controllers to distinguish them from fractional-order (FO) PID controllers. As can be anticipated from the relationship between integer numbers and real numbers, one example showing that the best FO PID outperforms the best IO PID controller is presented in [4] .
In design, stability is the utmost important requirement for an FO PID controller to meet, as in the case of IO PID controllers. A method for finding all the parameters K p , K i , and K d of an FO PID controller that stabilizes a given system of arbitrary order was proposed in [5] . In the paper, all the Manuscript received March 7, 2012 . Yung K. Lee is with the Electrical Engineering and Computer Science Department, Wichita State University, Wichita, KS 67260 USA (e-mail: yxlee1@wichita.edu).
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solutions were determined using frequency response and complete results were given in terms of the (K p , K i ), (K p , K d ), and (K i , K d ) planes.
Along with stability, robustness is another important part of controller design. In particular, H ∞ control is of importance to guarantee performance as well as robustness of a system. A method for finding all IO PID controllers that stabilize a given system and meet an H ∞ weighted sensitivity constraint was proposed in [6] . H ∞ optimal design for an FO PID controller was presented to meet performance specification and stability margins in [7] . Unfortunately, the method in [6] is limited to IO PID controllers, and the technique in [7] cannot be applied to H ∞ weighted sensitivity design of FO PID controllers. Monje et al. proposed tuning rules for finding optimum values of the fractional order λ or μ of PI λ or PD μ controllers and optimization methods for finding an FO PID controller that is robust to uncertainties and disturbances in [8] .
Thus, considering the fact that integer numbers are a small fraction of real numbers, there is a need for a method to find all the possible FO PID controllers that not only stabilize a given system of arbitrary order but also meet an H ∞ weighted sensitivity condition. In particular, it is the objective of this paper to provide a method for finding all the possible values of the gain parameters K p , K i and K d of FO PID controllers with respect to arbitrary values of the fractional orders (λ and μ) of the integral and derivative parts of an FO PID controller that satisfies an H ∞ weighted sensitivity condition.
To this end, a single-input single-output (SISO) linear time-invariant (LTI) system is considered. A detailed mathematical derivation, results, and an example follow.
II. FO PID CONTROLLER DESIGN WITH H ∞ SENSITIVITY CONSTRAINT

A. Problem Formulation
Consider the closed-loop system shown in Fig. 1 
Likewise, the FO PID controller transfer function (1) can be written in frequency domain as:
The bound in (3) can be written as:
which is equivalent to:
Thus, (8) tells us that all the FO PID controllers that meet the condition (3) must lie within the intersection defined by the controllers that satisfy (8) 
. From (8) , it can be seen that
constitutes the boundary condition such that any FO PID controller within such boundary will satisfy (8) , for all [0, 2 ) .
By substituting (4), (5), and (6), and using cos sin , 
It can be easily seen that if λ=μ=1, (11) reduces to the case of the IO PID controller in [6] and if γ approaches infinity, (11) reduces the case of the closed-loop stability of the FO PID controller in [5] . Expanding (11) into real and imaginary parts gives:
where
As this is a three dimensional system in terms of the controller parameters K p , K i and K d , we will fix the value of K d to find the solution to (12) and (13) of the boundary condition 255 (10). In matrix form, (12) and (13) are rearranged to deal with two unknowns K p and K i as:
Solving (14) for ω≠0 and λ≠2n (where n is an integer), K p and K i are given by
controller as in (1), which in turn leads to a PD μ controller. Such a case will be addressed in subsection C when the (
If λ=2n, then the solution exists for the following two cases: i)
For μ≠2n and any frequency ω i that satisfies 
ii) For μ=2n and any frequency ω k that satisfies
the solution for K i is given in terms of K p for a fixed K d value as
Thus, all the possible values of K p and K i of stabilizing FO PID controllers for a fixed K d value that meet the weighted sensitivity condition (3) can be plotted in a two-dimensional graph using the above results with K p and K i as the two Cartesian axes. 
B. Solution in (K
If ω=0, then K i =0 as discussed above in subsection B, which leads to the following two cases: 
ii) For λ=2n and any frequency ω k that satisfies (20), the solution for K d is given in terms of K p for a fixed
Again, all the possible values of K p and K d of stabilizing FO PID controllers that satisfy the weighted sensitivity constraint (3) for a fixed K i value can be plotted in a two-dimensional plane using the above results.
C. Solution in (K
) plane solution will be determined by fixing the value of K p . Then, (12) and (13) can be written as:
Solving (29) 
In the (
is assumed without loss of generality as discussed above.
If λ+μ=2n (where n is an integer), the solution exists for the 257 following two cases: i) For λ≠2n and any frequency ω i that satisfies
ii) For λ=2n and any frequency ω k that satisfies (20), the solution for K d is given in terms of K i for a fixed K p value as in (28). Thus, all the possible values of K i and K d of stabilizing FO PID controllers that satisfy the weighted sensitivity condition (3) for a fixed K p value can be found in the (K i , K d ) plane using the above results with K i and K d as two Cartesian axes.
It should be noted that all the results in this section are expressed in the frequency domain. As a consequence, the controller parameters K p , K i , and K d of the FO PID controllers that not only stabilize a given system but also meet an H ∞ weighted sensitivity condition can be determined directly from an experimental frequency response when the system transfer function or system parameters are unknown. Furthermore, if λ=μ=1, which is a conventional IO PID controller, the above results reduce to those presented in [6] .
III. EXAMPLE
A. Problem Formulation
Now, a numerical example will be given to illustrate the application and effectiveness of the results derived in Section II. In order to present a comparable and tangible example, we will use the liquid level system in [8] with a time delay of 50 seconds. The objective of this example is to find all the gain parameters K p , K i and K d of FO PID controllers that stabilize the given system (34) and simultaneously satisfy the weighted sensitivity condition (3) where γ=1. Then the results will be compared with those of an IO PID controller for better understanding of advantages in using FO PID controllers. There are a plurality of tuning rules for finding optimum values of the fractional orders λ and μ, such as those proposed in [8] . So, we will use the FO PID controller with λ=0.8968 and μ=0.4773 used for (34) in [8] 
It is desired that the closed-loop system shown in Fig. 1 has a settling time of 1000 seconds, a percent overshoot of 15%, and a steady-state error less than or equal to 0.05. For such performance requirements, the method described in [9] (24) were used with K i set to 0.01 as in [8] . All the gain parameters K p and K d of FO PID controllers that satisfy the weighted sensitivity condition (3) can be determined by finding an intersection of all the solutions to (23) and (24) for [0, 2 ) s   in a given range of frequency ω. The corresponding stability region can be obtained by taking γ=∞ in (23) and (24), which is the same as that disclosed in [5] . As can be seen from Fig. 2 
IV. CONCLUSION
As described in Sections II and III, a method is presented for determining all the values of the gain parameters of FO PID controllers, which include conventional IO PID controllers, that not only stabilize a given system, but also meet an H ∞ weighted sensitivity condition for performance specifications. In particular, since the presented method provides a complete set of solutions to both IO and FO PID controllers, it serves as a complete and generalized solution to determining all the gain parameters of stabilizing PID controllers with a weighted sensitivity constraint. The method presented here complements the tuning rules for finding values of the fractional orders λ and μ of FO PID controllers.
Furthermore, since the derivation is completely based on the frequency response of a system, this method can be applied even when a system transfer function is not known as long as the frequency response of a system is obtainable. Furthermore, the results shown in Section III show that even in cases where no IO PID controllers satisfy a given H ∞ weighted sensitivity condition, FO PID controllers may provide a fairly wide range of solutions. 
